In this paper, we study the complete convergence and complete moment convergence for negatively associated sequences of random variables with EX = 0, E exp(ln α |X|) < ∞, α > 1. As a result, we extend some complete convergence and complete moment convergence theorems for independent random variables to the case of negatively associated random variables without necessarily imposing any extra conditions. Our results generalize corresponding results obtained by Gut and Stadtmüller (Stat. Probab. Lett. 81:1486-1492 , 2011 and Qiu and Chen (Stat. Probab. Lett. 91:76-82, 2014).
Introduction and main results
Definition . Random variables X  , X  , . . . , X n , n ≥ , are said to be negatively associated (NA) if for every pair of disjoint subsets A  and A  of {, , . . . , n},
where f  and f  are increasing for every variable (or decreasing for every variable) functions such that this covariance exists. A sequence of random variables {X i ; i ≥ } is said to be NA if its every finite subfamily is NA. (ii) Increasing functions defined on disjoint subsets of a set of negatively associated random variables are negatively associated.
This definition was introduced by Joag-Dev and Proschan ( []
). Statistical test depends greatly on sampling. The random sampling without replacement from a finite population is NA, but is not independent. NA sampling has wide applications such as in multivariate statistical analysis and reliability theory. Because of the wide applications of NA sampling, the limit behaviors of NA random variables have received more and more attention recently. In the following, the symbol c stands for a generic positive constant which may differ from one place to another. Let a n b n denote that there exists a constant c >  such that a n ≤ cb n for sufficiently large n, ln x means ln(max(x, e)), and I denotes an indicator function.
Theorem . Let α > , {X, X n ; n ≥ } be a sequence of NA identically distributed random variables with partial sums S n = n i= X i , n ≥ . Suppose that
Theorem . Assume that the conditions of Theorem . and (.) hold. Then 
< ∞ for all β >  and all q > .
Remark . Corresponding results of Gut and Stadtmüller ( []) and Qiu and Chen ( []
) are the special cases of our Theorems . and . when {X, X n ; n ≥ } is i.i.d.
Proofs
The following two lemmas will be useful in the proofs of our theorems, and the first is due to Shao ( []).
be a sequence of negatively associated random variables with zero means and finite second moments. Let S k
Lemma . For any random variable X and α > ,
Proof Let a n ≈ b n denote that there exist constants c  >  and c  >  such that c  a n ≤ b n ≤ c  a n for sufficiently large n. We have
it follows that Lemma . holds.
Proof of Theorem
Obviously, X k = X k + X k + X k and X k is increasing on X k , thus, by Lemma .(i), {X k ; k ≥ } is also a sequence of NA random variables. Note that
By condition (.), EX = , and E exp(ln
we set δ=  -β - > , for sufficiently large n,
so that, taking y = (n -δ ln α n)β, a = b n , θ = / in Lemma ., for sufficiently large n, we get
By the Markov inequality, (.), and (ln n + ln(β/) -α ln ln n) α / ln α n →  < -δ/ as n → ∞, for sufficiently large n, (ln n + ln(β/) -
and, hence, by combining (.) and Lemma .(ii), max ≤k≤n ≤i≤k,i =k  X i and X k  are NA random variable, we get
Similar to the proof of (.), we have max ≤k≤n |E ≤i≤k,i =k  X i | ≤ βδ ln α n, so that, taking y = βδ(n-ln α n), a = b n , θ = / in Lemma ., using the fact that
for sufficiently large n, we get
Substituting the above inequality and (.) in (.), we obtain
This, together with (.), (.), (.), and (.), shows
Because -X k is decreasing on X k , by Lemma .(i), {-X, -X k ; k ≥ } is also a sequence of NA random variables. Obviously, {-X, -X k ; k ≥ } also satisfies the condition (.). Therefore, replacing X k by -X k in (.), we get
Thus,
From (.) and Lemma .,
That is, (.) holds. Conversely, if (.) holds, then combining with
it implies that P(max ≤k≤n |X k | > βn) → , n → ∞, hence, for sufficiently large n,
Obviously, NA implies pairwise negative quadrant dependent (PNQD) from their definitions. Thus, by Lemma . of Wu ( []),
from which, combining with (.), we have
Consequently, by (.),
and, hence, we have E exp(ln
This implies that there exists a constant M such that for all
This completes the proof of Theorem ..
Proof of Theorem . Note that
Hence, by (.), in order to establish (.), it suffices to prove that
Let β >  be an arbitrary, set, for
By similar methods to the proof of (.), we have
which leads to
Using similar methods to those used in the proof of (.)-(.), for δ= -β - >  and x ≥ n, we have max ≤k≤n |EU k | ≤ βδ ln α x, and
which, combining with (.), shows
Replacing X k by -X k in the above inequality, we have 
